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ABSTRACT. We establish various distortion theorems for both normalized lo-
cally schlicht Bloch functions and normalized Bloch function with branch points.
These distortion theorems give lower bounds on either |f’(z)| or Re f'(z);
most of our distortion theorems are sharp and all extremal functions identified.
The main tools used in establishing these distortion theorems are the classical
form of Julia’s Lemma and a new version of Julia’s Lemma that applies to
certain multiple-valued analytic functions. As applications of these distortion
theorems, we obtain known lower bounds for various Bloch constants and also
establish improved lower bounds on a number of Marden constants for Bloch,
normal and Yosida functions.

1. INTRODUCTION

Assume that f is a holomorphic function in the unit disk D of the com-
plex plane. The function f is called a Bloch function if and only if its Bloch
seminorm given by ||f]| = sup{(1 — |z|?)|f"(2)| : |z|] < 1} is finite.

For a point a in D, let r(a, f) denote the radius of the largest schlicht
disk on the Riemann surface f(D) centered at f(a) (a schlicht disk on f(D)
centered at f(a) means that f maps an open subset of D containing a con-
formally onto this disk). Let r(f) be the supremum of r(a, f) for all a in
D. The Bloch constant B is defined to be the infimum of all r(f), where f is
normalized by f'(0)=1.

Bloch [4] proved that B is positive. Landau [8] showed that in the definition
of the Bloch constant, the infimum can be restricted to functions with Bloch
seminorm 1. The exact value of the Bloch constant is still unknown. Ahlfors
[2] and Heins [7] established the lower bound B > v/3/4. In 1988 Bonk [5]
presented a simple proof of the following distortion theorem.

Received by the editors January 9, 1990 and January 16, 1990 and, in revised form, June 7,
1990. Presented at the Conference in Complex Analysis at Indiana University, September 17-18,
1989.

1980 Mathematics Subject Classification (1985 Revision). Primary 30C75; Secondary 30C25,
30C80, 30D45.

The research of the first author was partially supported by a Student Summer Research Fellow-
ship awarded by the University Research Council of the University of Cincinnati, both authors’
research partially supported by NSF Grant No. DMS-8801439.

(©1992 American Mathematical Society
0002-9947/92 $1.00 + $.25 per page




326 XIANGYANG LIU AND DAVID MINDA

Bonk’s Distortion Theorem. If || f|| =1 and f'(0) =1, then

1 -V3z| 1
"(z2)> —————— < —.

Re f'(z) > TR Jor|z| < 7

By making use of the above theorem, Bonk improved the lower bound on the
Bloch constant to B > /3/4+10~'4. Minda [13] gave an elementary, geometric
proof of Bonk’s result which yields all extremal functions. Actually, Bonk [6]
had already determined all extremal functions, but by a different method as part
of a larger study of Bloch functions.

Next, we review some facts about locally schlicht Bloch functions. A function
f is locally schlicht (or locally univalent) if and only if f’(z) does not vanish.
The infimum of r(f) for all locally schlicht functions normalized by f’(0) = 1
is called the locally schlicht Bloch constant and is denoted by B, . Let %,
denote the family of locally schlicht functions satisfying || f|| = 1, f(0) =0
and f’(0) = 1. It is known that B, = inf{r(f) : f € $»}. The inequality
B, > 1/2 was established by Ahlfors [2] and Pommerenke [17]. The best upper
bound on the locally schlicht Bloch constant is (see [9])

1
B,<L< —1-3_-——z0.5433,

where I" denotes the Gamma function and L is the so-called Landau constant.
The number in the above inequality is conjectured to be the true value of L.

We use the geometric approach of Minda to establish an analog (Theorem
1) of Bonk’s Distortion Theorem for locally schlicht Bloch functions in §2.
As a corollary of our Theorem 1, we will give a new proof of the inequality
B, > 1/2. The proof uses normal families and so is incapable of yielding an
explicit lower bound for B, greater than 1/2. In §3, we prove a generalization
of Julia’s Lemma for certain multiple-valued functions. Later in §4, Theorem
1 is extended to Bloch functions with branch points. Our Theorem 4 contains
both Bonk’s Distortion Theorem and Theorem 1 as special cases. Also, Theorem
4 yields the lower bounds for a number of the Bloch constants considered in [9].
Finally, in §5, we give improved lower bounds for various Marden constants for
normal and Yosida functions as applications of our distortion theorems. These
Marden constants were studied in [10] and [12].

2. LOCALLY SCHLICHT BLOCH FUNCTIONS

Versions of Julia’s Lemma play an important role in our work. We begin by
recalling a classical version of Julia’s Lemma that is sufficient for our purposes,
see [3, pp. 7-9] or [13] for details of its proof. For r > 0, let

_ =z :
A(l,r)—{ze]D). l—|z|2<r ;

A(l, r) is a horodisk in D, that is, a disk in D which is internally tangent
to 0D at 1. In euclidean terms A(1, r) is the disk with center 1/(1 + r) and
radius r/(1 +r). We let A(1, r) denote the closure of A(1, r) relative to D,
so that 1 ¢ Z(l ,r). If T is a conformal automorphism of D which fixes 1,
then it is known that T(A(1, r)) = A(1, r).
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Julia’s Lemma (disk version). Suppose that w is a function holomorphic in
DU{l}, w maps D into D and w(l) =1. Then w'(1) = c > 0 and for any
r > 0 the function w maps the horodisk A(1,r) into the horodisk A(1, cr).
Further, a point on the boundary of the first horodisk is mapped into the boundary
of the second horodisk if and only if w is a conformal automorphism of D which

fixes 1.

The following half-plane version of Julia’s Lemma is more convenient for
our purposes in this section. It follows from the disk version by composing the
function with a Mo6bius transformation that maps the half-plane onto the unit
disk and sends O to 1.

Julia’s Lemma (half-plane version). Suppose that w is a function holomorphic
in DU {1}, w maps D into the right half plane H = {z : Re(z) > 0} and
w(l) = 0. Then for any r > 0, w maps the horodisk A(1, r) into the disk
{z:|z—-dr| <dr}, where d = —w'(1) > 0. Further, a point on the boundary
of the first disk is mapped into the boundary of the second disk if and only if w
is a conformal mapping of D onto H which satisfies w(1) =0.

Corollary. Forany x € (-1, 1)

l-x

1+x’
with equality for some x € (=1, 1) if and only if

Re(w(x)) < 2d

-z

l+z°

Proof. Fix x € (-1, 1) andlet r = (1-x)/(14+x). Then r >0 and A(1, r) is
the horodisk that contains the point x on its boundary. The half-plane version
of Julia’s Lemma implies that w(x) will lie inside the circle passing through
the two points 0 and 2d(1 — x)/(1 + x) and perpendicular to the real axis. The
result follows.

w(z) =2d

Example. Now we consider a function that is an extremal function for Theorem

1. Let | |
e +z
F(z)= ) CXp{_T:_z} + 3
Then F is a holomorphic universal covering projection of D onto {w : 0 <
lw—1/2| < e/2}. Also,
L E ey = e [ (=12
with equality if and only if z lies on the circle {z: |1 — z|?/(1 — |z|?) = 1} =
{z:|z-1/2]=1/2},s0 F has Bloch seminorm 1.

Note that F(0) =0 and F'(0) = 1. Also, r(0, F) = 1/2 because the open
disk of radius 1/2 centered at F(0) = 0 is actually the largest schlicht disk in
F(D) centered at F(0). Similarly, r(F) = e/4 since e/4 is the largest radius
of a schlicht disk contained in F(D). It is not difficult to verify that for all
zeD,

|F'(z)] > F'(]z]) =

1 2|z
SESNEDE e"p{‘ (=] }
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ReF’(z)zRe((1 ! )2exp{ 1%2}>>0

for |z| < r, where r ~ 0.6958 is the smallest root of the following equation.

—xv/2—x2 —xv/2—x2
1

We also have

|

1-xv2—-x _ x24xy/2-x2 T4

2

Theorem 1. Suppose f € B, .
(a) Forall zeD

72 Fz) = s e {12 |

with equality for some z = re'® #0 zfand only if f(z) =e'""F(e=19z) for some
real 6.
(b) For |z| < 1/2,

1 2|z|
Re f'(z) > F'(|z exp{————}
@) 2 B = o & "1
with equality for some z =re'? #£0 lfand only if f(z) =eF(e~"%z) for some
real 6.

(c) Further, Re f'(z) > 0 for |z| < \/n/(4+ ) =~ 0.6633.

Remark. The inequality in part (a), but not the identification of all extremal
functions, was given by Peschl [15, 16]. We will give a new proof of (a) which
is simpler than Peschl’s proof and also yields all extremal functions for this
inequality. In addition, our technique of proof also yields the new results in
parts (b) and (c).

Proof of Theorem 1. (a) Let

o= () (e (15).

where 6 is real. Then g is holomorphic in the closure of D except possibly at
the point —1. Further, g(1) =1 and g #0. Since f/(0)=1 and |f|| =1,
it follows that f”(0 ) =0. Hence, g'(1) = 1. We also have

<1

7 (eiol—Tz) < (1_\1522> f,(e,-el_;_Z) <

for all z in D; here again we have used the fact that ||f|| = 1. Note that the
case g =1 is impossible since g’(1)=1# 0. So g must map D into D\{0}.

Because g never vanishes, there exists a holomorphic function w which
maps D into H such that w(l) = 0, and g(z) = exp(—w(z)). By direct
calculation, w’(1) = —g’(1) = —1. From the corollary to the half-plane version
of Julia’s Lemma, we have

1+z

18(2)| =

|g(x)| = exp{— Rew(x }>exp{ 2_"}

1+x
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for all x in (-1, 1), with equality for some x if and only if w(z) =
2(1-z)/(1+2z). Let u=(1-x)/2, then the above inequality is equivalent to

el 2 g en -2

for all u € (0, 1), with equality for some u if and only if f(z) =e®F(e~9z)
for some real 6.

(b) As in the proof of (a), w(x) will lie inside the circle C with center
(1 -=x)/(1+ x) and radius (1 —x)/(1 + x). Since

min{Reexp(-{): { € C} = e"p{_zi_;;ﬁ}

holds for all x € [0, 1], we have

Re g(x) = Reexp{-w(x)} > exp {—21—:;}

for all x € [0, 1]. This is equivalent to

; 1 2u
Ty >~ __“
Re f'(e u)_(l_u)zexp{ l—u}
for all u € [0, 1/2]. The sharpness follows as in case (a).
(c) Set

w0 (55 (o (452) e (5

As in the proof of part (a), g is holomorphic in the closure of D and g
maps D into the punctured disk D\{0}. Further g(1) =1 and g'(1) = n/2.
Hence there exists a holomorphic function w which maps D into H such that
g(z) = exp(—w(z)), w(l) =0, and w'(1) = —n/2. The corollary to the half-
plane version of Julia’s Lemma shows that w(x) will lie inside the circle C
centered at Z(1 —x)/(1+ x) with radius %(1 —x)/(1+ x). Since

min{Reexp(-{):{ € C} >0

holds for all x € (0, 1], Reg(x) > 0 for all x € (0, 1]. This is equivalent to
Re f"(e’®u) > 0 forall u € [0, \/n/(4+n)).

Corollary. If f satisfies the conditions of the above theorem, then r(0, f) > 1/2
with equality if and only if f(z) = e®F(e~"%z) for some real 6. Further,
B, >1/2.
Proof. By definition, there is a simply connected open subset Q of D contain-
ing 0 such that f maps Q univalently onto the disk centered at f(0) with
radius (0, f). This disk must touch the boundary of the Riemann surface
f(D). If not, then the boundary of Q would be a Jordan curve inside D.
Because f is locally schlicht, we could find an open subset of D containing
the closure of Q such that f is schlicht on this larger set. Then the image of
this larger set would contain a disk centered at f(0) with radius larger than
r(0, f), which contradicts the definition of (0, f).

Hence, there is a radial segment I' in the above disk joining f(0) to a
boundary point of f(D). Let y be the inverse image of I under the mapping
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f, then y joins O to the boundary of D. It follows from part (a) of Theorem
1 that |
10, f) = [ldul = [1r(z)dz1> [ Fzndizl = 3.
r Y 0 2
It is clear that equality holds in the above if and only if f(z) = e!®F(e~z)
for some real 6.
Now we show that B,, > 1/2. By a normal family argument, we can find an
f suchthat ||f]| =1, f(0)=0, f(0)=1,and r(f) =B . If r(0, f)>1/2,
then By, =r(f) > r(0, f) > 1/2. If r(0, f) =1/2, then f(z) = €"®F(e~%z)
for some real 8,50 B, =r(f)=r(F)=e/4>1/2.

3. GENERALIZATION OF JULIA’S LEMMA

In this section we obtain an extension of Julia’s Lemma to certain multiple-
valued functions.

We shall exploit the following connection between horodisks and hyperbolic
disks. Let Dy(a, r) = {z : dy(a, z) < r} be the hyperbolic disk with center a
and hyperbolic radius r, where

z—a
1-az

dy(a, z) = 2artanh

denotes the hyperbolic distance between a and z in D. If {a,} is a sequence
in D with a, —» 1, {r,} is a sequence of positive numbers and

11——|;—’,1,| —r, where R, =tanh (%’) ,
then Dy(a,, r») — A(1,r). Note that R, is the pseudohyperbolic radius of
Dy(ay, ry) . We refer to [3, pp. 7-8] for more details.

For a € D, define
l-az-a
l-al-az
Observe that E, is the only conformal automorphism of D which sends a
to 0 and fixes 1. Also E'(1) = (1 —|a|?)/(|]1 — a|?). Therefore, E\(1) < ¢
if and only if a ¢ A(l, 1/c) and EJ(1) = c if and only if a belongs to
dA(1, 1/c). Here 0A(1, 1/c) denotes the boundary of A(1, 1/c) relative to
D,so 1 €0A(1, 1/c).

Theorem 2. Suppose g is holomorphic in DU {1}, g(D) C D and g(1) =
1. If all the zeros of g have multiplicity at least n, then g has no zero in
A(1,n/g'(1)) and g has a zero on dA(1, n/g'(1)) if and only if g = E]} for
some a € 0A(1, n/g'(1)).

Proof. Assume a € D and g(a) = 0. Set E = E,. Since a is a zero of
multiplicity at least n, # = g/E" is holomorphic on DU {1} and A(1) =1.
There are two cases to consider. First, suppose 4 is constant. Then A = 1
and g = E". From g'(1) = nE’(1) we see that a € 9A(1, n/g’(1)). On the
other hand, assume A is nonconstant. Then A’(1) > 0 by Julia’s Lemma, so
g'(1) = k(1) + nE'(1) > nE’(1), or equivalently, E’(1) < g’(1)/n. Hence,
agA(l,n/g'(1)).

E.(z) =
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Remark. The following observation will be used in the remainder of this section.
If g satisfies the hypotheses of Theorem 2, then g!/* is a (possibly) multiple-
valued holomorphic function on D U {1} with an algebraic branch point at
any zero of g which does not have multiplicity an integral multiple of n.
However, since g does not vanish in A(1, n/g’(1)), there is a unique single-
valued holomorphic branch G of g!/* defined on A(1, n/g'(1)) U {1} and
normalized by G(1) = 1. Note that G'(1) = g'(1)/n.

Theorem 3. Let g be a function satisfying the hypotheses of Theorem 2 and let G
be the single-valued branch of g'/" defined as above. Then for 0 <r <n/g'(1)
the function G maps A(1, r) into A(1, rG'(1)). Moreover, a point of A(1, r)
is mapped into A(1, rG'(1)) if and only if G is a conformal automorphism of
D which fixes 1.

Remark. Except for the restriction r < n/g’(1), the conclusion of Theorem 3
is the conclusion of Julia’s Lemma if G were holomorphic on all of D.

Proof of Theorem 3. Because all zeros of g have multiplicity at least n, the
multiple-valued holomorphic function g!/” satisfies the hypotheses of Nehari’s
generalization of Schwarz’ Lemma (see [14] or [11]). In particular,

G 1
1-1G(z)? = 1 -z
forall ze€ A(1, n/g'(1)) = A, and equality holds at a point if and only if G is
a conformal automorphism of D.

Since A is hyperbolically convex and G is single-valued, the above inequality
implies that

dy(G(a), G(b)) < dy(a, b)

for all a, b € A with equality for a # b if and only if G is a conformal
automorphism of D. We may now conclude that G(Dy(a, r)) C Dy(G(a), r)
for any hyperbolic disk D,(a, r) which is contained in A.

In order to complete the proof, we now follow a standard geometric proof of
Julia’s Lemma [3, pp. 8-9], being careful to work only in A where G is single-
valued. Note that for 0 < r < n/g'(1), we have the inclusion A(1, r) C A. Let
Xxn =1-1/n. Select R, sothat (1-x,)/(1-R,)=r;thatis, R, =1-1/(nr).
Set r, = 2artanh(R,). This guarantees that Dy(x,, r,) — A(1, r). For all n
sufficiently large, D;(x,, r,) C A. For these large values of n, G(Dy(x,, x)) C
D, (G(xy), ry). Because

1 —|G(xp)| _ 1—x, 1 —|G(x,)|
1-R, ~1-R, 1l-x,
we conclude that D,(G(x,), r,) — A(l,rG'(1)). Consider z € A(l,r).
Then z belongs to Dy(x,, r,) for all n sufficiently large. Hence, G(z) €
Dy(G(xy), ry) foralllarge n,so G(z) € A(1, rG'(1)). Thisyields G(A(1, r)) C
A(l, rG'(1)).

Finally, we determine when a point on dA(1, r) can map into dA(1, rG'(1)).
Assume a € 0A(l,r) and G(a) € dA(1, rG'(1)). Let y be the hyperbolic
geodesic through a which ends at 1. Select any & € D on y strictly be-
tween a and 1. Determine s € (0, r) with b € 8A(1,s). Now, dy(a, b) is
the hyperbolic distance between 9A(1, r) and 9A(l, s). Since G(b) lies on

- rG'(1),
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or inside the circle dA(1, sG'(1)), dy(G(a), G(b)) is greater than or equal to
the hyperbolic distance from O8A(l, rG'(1)) to OA(l, sG'(1)). But the hy-
perbolic distance between the two horocycles is the same as the hyperbolic
distance between 9A(1, r) and dA(1, s) since there is a conformal automor-
phism of D carrying the first pair of horocycles onto the second. Therefore,
d,(G(a), G(b)) > dy(a, b). Since the reverse inequality also holds, G must be
a conformal automorphism of D with G(1)=1.

Corollary. Suppose g is holomorphic on DU {1}, g(D)C D, g(1)=1 and all
zeros of g have multiplicity at least n .

(a) If g'(1) = n, then |g(x)| > x" for x € [0, 1) with equality for some x
ifand only if g(z) = z".

(b) If g'(1) = n, then Reg(x) > x" for (n—1)/(n+1) < x <1 with equality
for some x ifand only if g(z) = z".

(c) If g'(1) = nsin(n/2n), then Reg(x) >0 for 0<x < 1.

Remark. For n =1, part (b) implies both parts (a) and (c). For n > 2 this is
no longer the case.

Proof. (a) Let G be as in Theorem 3. Note that G'(1) =1 and G is defined
on A(l, 1), so G(A(1,r)) c A(l,r) for 0 <r < 1. For x € [0,1), r =
(1-x)/(1+x) € (0, 1] and this containment yields |G(x)| > Re G(x) > x,
since x € 0A(1, r). Equality implies that G is a conformal automorphism of
D which fixes both x and 1, so G is the identity mapping. Hence |g(x)| >
|G(x)|" > x", with equality if and only if g(z)=2z".

(b) As in part (a), we find that Re G(x) > x for x € [0, 1) with equality
if and only if G(z) = z. We wish to determine those x € [0, 1) for which it
follows that Re g(x) > x".

The function A(z) = 1/(1 +r)+rz/(1 +r) is a conformal mapping of D
onto A(l, r). We determine when h(z)" = k(z) is a convex function. Since

1+nrz 1—nr
1+rz 1 ’

Re{l + zk"(2)/k'(2)} = Re{ lz] <1,

is positive for 0 < r < 1/n, the function k(z) is convex for such r. Because
the image of k(z) is symmetric about the real axis, it will follow that

Re g(x) = Re G(x)" > min{Re(w") : w € A(1, r)} = k(-=1) = x",

where x=(1-r)/(1+r)e[(n-1)/(n+1),1).

(c) Now, the situation is slightly different from (b) since G'(1) = sin[z/(2n)]
and G is holomorphic in A(1, 1/sin[n/(2n)]). For r < 1/sin[n/(2n)] and
zeA(1, r), we have G(z) € A1, rsin[n/(2n)]). For w € A(1, rsin[n/(2n)]),
we have the sharp inequality

| Arg(w)| < sin~!(rsinz/2n),

so that
| Arg(w”)| < nsin~'(rsinm/2n) < n/2,

if0<r<1.Forxe(0,1), r=(1-x)/(1+x) € (0, 1) and so the preceding
inequalities imply that

| Arg(g(x))| = | Arg(G(x)")| < m/2.
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4. BLOCH FUNCTIONS WITH BRANCH POINTS

We establish a connection between Bonk’s Theorem and Theorem 1. For any
positive integer n, define

FZm)={f:Ifll=1, f(0)=1, f(0) =0 and if f'(a) =0 for some a in D,
then f®(@)=0fork=1,2,..., n}.

That is, % (n) consists of those functions with Bloch norm 1 and all of whose
branch points are of order at least n + 1. Note that #(n) > F(n + 1),
(1) is the class of functions in Bonk’s Distortion Theorem and %, =
({#(n):n=1,2,3,...}.

Example. We now discuss functions F, € % (n) which have certain extremal
properties. For n > 1, set

n+l
_n+2 N[ (i n(n +2)
g (1) ( r) G

Note that F, is holomorphic in D, F,(0) =0, F,(0)=1 and
n
, 2\ (i -2)
Fn(Z) =1+ ;1' nel”
(1-V3&2)

We shall explicitly determine ||F,|| and r(0, F,).

In order to gain insight into the nature of the function F,, it is useful to
express F, in another form. Set

Then T, is a conformal automorphism of D and

(n+1)/2
Fy(z) = yvnn+2) [1 _ (” +2) Tn(z)n+l:| .

2(n+1) n

So F, is an (n+ 1)-sheeted branched covering of D onto the disk with center

F, (Val(n+2)) = Vn(n + 2)/[2(n + 1)]

and radius

n+2 (Hz)"”
2(n+1) n :
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Straightforward calculation gives
IFall = sup{(1 = |2|})|F;(2)] : 2] < 1}

n/2 _
=(1+3> (1 - |z L Tu(z) 2] < 1

R T
+2

n/2
2 (1 + %) sup{(1 — | Tu(2)PITu(2)" : 2] < 1}

S

n+2 2\"?
== <1+E) sup{(1 — |w|})|w|" : |lw| < 1} = 1.

Next, we determine r(0, F,). Recall that r(0, F,) is the distance from
F,(0) = 0 to the nearest branch point or to the boundary of F,(D), whichever
is smaller. Since the only branch point, namely F,(1/n/(n+2)), is closer to 0
than 0 is to the boundary of F,(D), we have

£ (VAT = Y5

Theorem 4. If f € % (n), then
(a)

r(0, F,) =

S@N 2 Ez) ozl <4/

with equality for some z = re'® #0 if and only if f(z) = e!%F,(e~%z),

(b)
Re f'(z) > F(|z]) for|z| < 2,;21 Vn+2 n+2

with equality for some z = re'® #0 if and only if f(z) = e'9F,(e~9z),

(c)
, | nsinZ
Re f'(z) >0 for|z| < —2+nsin%'

Proof. (a) Let g be defined as in the proof of Theorem 1(c) with a =y/n/(n + 2).

That is,
2 n
1- -2 . (1= 2)
8(2) = (1—_—_%;> r (‘”0 (ﬁ ’
n+2 n+2

where 6 is real. Then g is holomorphic in the closure of D, g(D) C D,
g(l) =1, and g'(1) = n. Also, all zeros of g have multiplicity at least n.
Corollary (a) of Theorem 3 gives

lg(x)] > x" forall x €[0, 1)

with equality for some x if and only if g(z) = z". This is equivalent to

1 (10 U ___n
|f(eu)| > F,(u) forO<u< ——

with equality for some u if and only if f(z) = e?F,(e~"9z).
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(b) The proof is quite similar to that of part (a). Define g as in part (a).
Then Corollary (b) of Theorem 3 says that

n-—1
> n
Re g(x) > x" for pon

with equality for some x if and only if g(z) = z". This is equivalent to

1 i0,) > B n+2 n
Re f'(e""u) > F,(u) for0<u§———2n+”/—n+2

with equality for some u if and only if f(z) = e F,(e~z).
(c) Define

1-a2\* [ (ol -2)) nsin &
g(z)_<l—a22> f(e <l—a22 )) *“\2¥nsnL’

where 6 is real. We may apply Corollary (c) of Theorem 3 to obtain

<x<l1

Reg(x)>0 forO<x< 1.

This is equivalent to

. nsin &
f(e®u)>0 forO<u<f=—-2_—.
2+ nsin o

Remark. If we let n — oo in Theorem 4, then we obtain Theorem 1, except we
lose the sharpness by taking this limit. In particular, F,, — F, where F is the
extremal function in Theorem 1. For the special case n = 1, we obtain Bonk’s
Distortion Theorem and F) is the extremal function for Bonk’s Theorem [13].
Also, if B, is the Bloch constant for the family % (n), then we can obtain the
lower bound B, > /n(n+2)/2(n + 1) from Theorem 4 in the same manner
as the corollary to Theorem 1 was proved. These lower bounds were originally
obtained in [9] by a different method.

5. LOWER BOUNDS FOR MARDEN CONSTANTS

It is known that there exists a positive number s, such that any nonconstant
Bloch function is schlicht on some hyperbolic disk in D with hyperbolic radius
5. The Marden constant for Bloch functions, denoted by M , is the supremum
of all such s. Similarly, we can define the Marden constant for locally schlicht
Bloch functions and we denote it by M, .

Minda gave lower bounds for M and M., in [10]. Note that in [10] the
Marden constant was defined in terms of pseudo-hyperbolic distance instead of
hyperbolic distance. The lower bound M > 2artanh(1/v/3) is an immediate
consequence of Bonk’s Distortion Theorem (see [13]).

Although part (c) of Theorem 1 may not be best possible (as the extremal
function F possibly indicates), it still implies the following improvement of
Minda’s estimate on M :

My, > 2artanh+/n/(4+ 1) =1.5971....

The proof of the above inequality is similar to the proof of Minda’s lower
bound, see [10] for details.
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Next, we consider normal functions. A meromorphic function f in D is
called a normal function if

a(f) = sup{(1 - [z1)|f'(2)I/(1 +1f(2)]*) : z € D} < oo.

It is easy to verify that the quantity a(f), called the order of the normal func-
tion f, is invariant under conformal automorphisms of D and rotations of
the Riemann sphere (see the proof of Theorem 3 in [10]). If f is a normal
function and a € D, then set

s(a, f) =sup{s: f is schlicht in the hyperbolic disk D,(a, s)}
and
s(f) =sup{s(a, f):a € D}.
The Marden constant for normal functions with order a(f) = m > 0 is given

by
Mpy(m) = inf{s(f) : f is a normal function and a(f) = m}.

Similarly, the Marden constant for locally schlicht normal functions is given by
My, (m) = inf{s(f) : f is a locally schlicht normal function and «(f) = m}.

The following result improves the lower bounds on the Marden constants that
were derived in [10].

Theorem 5. (a) My(m) > 2artanh(1/+/3(1 + m?)).

(b) My_(m) > 2artanh(y/n/(4 + m)(1 + m?)).
Proof. We only give the proof of (a); the proof of (b) is the same except that
Theorem 1(c) is needed instead of Bonk’s Distortion Theorem. Let f be a
normal function with a(f) = m. We want to show that

s(f) > 2artanh(1/4/3(1 + m2)).
First we assume that f(0) =0 and f’(0) = m. Then

(9] dg _m 1 +|z|
arctan(|f(z)|) < L TH/(C |2|dC| m/ =12 2log(l_|2|>,

where the integrals are taken along the line segment from 0 to z. The preceding
inequality shows that f is holomorphic in the euclidean disk centered at 0
with radius R = tanh(n/(2m)). Let r = 1/V1+ m? then r < R and F(z) =
f(rz)/(rm) is holomorphic in D. We can verify that F(0) =0 and F'(0)=1.
By the above inequality, for any z € D,

(1-z%)

2
(olzt) If’(rZ)I_m(Hlf(rZ)lz)

(1- |z| ) <m 1+ |rz| )
< —_ <
(1—| |2) (l+tan 210g1—|rz| <1

So ||F|| = 1. By Bonk’s Distortion Theorem, F is schlicht in the disk {z :
|z] < 1/V3}. Hence f is schlicht in the disk {z : |z| < r/v/3}. This implies
that

(1= [zP)IF'(2)| =

s(f) > s(0, f) > 2artanh (;) .

3(1+ m?)
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The proof for the general case is the similar to the proof of the corresponding
result in [10].

A meromorphic function f in the complex plane C is called a Yosida func-

tion if
B(f) = sup{|f'(2)I/(1 +1f(2)]*) : z € C} < ox.

For a Yosida function f, let

Se(f) = sup{s: f is schlicht in a euclidean disk in C with euclidean radius s}.

The Marden constant for Yosida functions with g(f) = m > 0 is defined by
My(m) = inf{s.(f) : f is a Yosida function and B(f)=m}.

It is known that My(m) = My(1)/m [12]. The following theorem is a slight
improvement of the corresponding result in [12].

Theorem 6. My(m) > 1/(v/3m).

Proof. We need only show that for any Yosida function f with B(f) =1, it
follows that s.(f) > 1/V3.
As in [12], we may assume f(0) =0 and f7(0) = 1. Since

arctan(|f(z)|)§/oz liﬂ}ic |2|dC|</ d¢) = 2|,

f is holomorphic in D ; here again the integrals are taken along the line segment
from O to z. The above inequality implies that

=1z (2 < (1= 21 + 1S (2)P)
< (1= |zl +tan?(jz))] < 1

for all z € D. Hence f is also a Bloch function with | f|| = 1. Bonk’s
Distortion Theorem shows that f is schlicht in the disk {z :|z| < 1/v/3}; this
is what we want to prove.

6. CONCLUDING COMMENTS

As in [13], one can give a geometric, Riemann surface interpretation for
Theorems 1 and 4 and relate the extremal functions in these theorems to the
ultrahyperbolic metrics constructed in [9] to estimate the Bloch constants B, .
We do not give the similar details here.

In Theorems 1 and 4 we apparently did not (except for the case n = 1)
find the largest disk centered at the origin in which Re f’(z) > 0. What is the
largest such radius? Are the functions F and F, still extremal for this problem?
Recall that s(0, f) denotes the hyperbolic radius of the largest hyperbolic disk
centered at origin in which f is schlicht. Then

/4
0,F)= ———==0.7311...,
s, F) 1+ V1 + 2

Vvn(n +2)sin (25)

and

S(O, Fn) =

1+\/l+n(n+2)sm (nLH)
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What are the sharp lower bounds on s(0, f) for the function classes in The-
orems 1 and 4? Are the functions F and F, still extremal for this problem?
For n = 1 the function F, gives the sharp lower bound on s(0, f) for the
functions in Bonk’s Distortion Theorem.

Added in proof. There is an error in the purported proof that B,, > 1/2 which
is given in [17]. For details concerning the error, consult A. Yamada, Bounded
analytic functions and metrics of constant negative curvature on Riemann sur-
faces, Kodai Math. J. 11 (1988), 317-324.
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